Mutual Chern-Simons theory for Z_2 topological order by Kou, Su-Peng et al.
ar
X
iv
:0
80
3.
23
00
v1
  [
co
nd
-m
at.
str
-el
]  
15
 M
ar 
20
08
Mutual Chern-Simons theory for Z2 topological order
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We study several different Z2 topological ordered states in frustrated spin systems. The effective
theories for those different Z2 topological orders all have the same form – a Z2 gauge theory which
can also be written as a mutual U(1) × U(1) Chern-Simons theory. However, we find that the
different Z2 topological orders are reflected in different projective realizations of lattice symmetry in
the same effective mutual Chern-Simons theory. This result is obtained by comparing the ground-
state degeneracy, the ground-state quantum numbers, the gapless edge state, and the projective
symmetry group of quasi-particles calculated from the slave-particle theory and from the effective
mutual Chern-Simons theories. Our study reveals intricate relations between topological order and
symmetry.
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I. INTRODUCTION
After the discovery of fractional quantum Hall effect,1,
we realized that new kind of orders beyond Landau’s
symmetry breaking paradigm is possible. This new kind
order is called topological order2,3 for gapped states and
quantum order4 for general states. The new orders re-
flect patterns of long range entanglements in the ground
state.
Gapped Z2 spin liquids have the simplest kind of topo-
logical order – Z2 topological order.
5,6 Those topologi-
cal ordered states may appear in frustrated spin systems
or dimmer models.5–11 Physically, the topological orders
can be (partially) characterized by robust ground-state
degeneracy.6,12 The low energy effective theory for those
Z2 topologically ordered states is a Z2 gauge theory.
Topological order is a property of a many-body ground
state that is robust against any perturbations, even those
perturbations that break all the symmetries. In this pa-
per, we like to study the interplay between topological
order and symmetry. We like to find out how to char-
acterize topological ordered states that also have certain
symmetries.
Recently, it was found that for spin liquids with all
the lattice symmetries (such as lattice translation and
rotation symmetry), there can be hundreds different Z2
topological orders.4,9 We will call those topological or-
ders symmetric topological orders. It is shown that the
different symmetric Z2 topological orders can be charac-
terized by different project symmetry groups (PSG). So
those symmetric topological orders are good examples to
study the relation between topological order and symme-
try.
Here, we would like to study the low energy effective
theories for those different Z2 topological orders and ask
how different symmetric Z2 topological orders are re-
flected in low energy effective theories. We find that all
different Z2 topological orders can be described by the
same effective mutual U(1) × U(1) Chern-Simons (CS)
theories.13 The lattice symmetry is realized projectively
in the effective mutual CS theories. It turns out that
different symmetric Z2 topological orders have different
projective realizations of the lattice symmetries. To con-
firm our results, the projective construction (the slave-
particle theory)14,15 is used to calculate the ground-state
degeneracies, the ground-state quantum numbers, and
the PSGs of quasi-particles. Those results agree with
those obtained from the effective mutual CS theories.
Furthermore, we also used the effective mutual CS theo-
ries to study gapless edge states for some Z2 topologically
ordered states.
II. PROJECTIVE CONSTRUCTION OF
MANY-SPIN WAVE FUNCTIONS
The key to understand topological orders is to con-
struct states that can have long range quantum entan-
glements. The projective construction introduced in the
study of high Tc superconductors is a powerful way to
construct such states.14–17 In this section, we will briefly
review the projective construction of Z2 topologically or-
dered states.
A spin-1/2 model can be viewed as a hard-core-boson
model, if we identify | ↓〉 state as a zero-boson state |0〉
and | ↑〉 state as a one-boson state |1〉. In the follow we
will use the boson-picture to describe our model.
We first introduce a “mean-field” fermion
Hamiltonian:4
Hmean =
∑
〈ij〉
(
ψ†I,iu
IJ
ij ψJ,j + ψ
†
I,iη
IJ
ij ψ
†
J,j + h.c.
)
(1)
where I, J = 1, 2. We will use uij and ηij to denote
the 2 × 2 complex matrices whose elements are uIJij and
ηIJij . Let |Ψ(uij ,ηij)mean 〉 be the ground state of the above free
fermion Hamiltonian (ie the lowest energy state obtained
2by filling all the negative energy levels). Then a many-
boson wave function can be obtained through
Φ
(uij ,ηij)
spin (i1, i2...) = 〈0|
Nsite/2∏
n=1
b(in)|Ψ(uij ,ηij)mean 〉 (2)
where Nsite is the number of lattice sites,
b(i) = ψ1,iψ2,i (3)
and i1, i2, · · · , label the location of bosons (up-spins).
Here, we have assumed that there are Nsite/2 up-spins
and N site/2 down-spins.
We may view (uij , ηij) as variational parameters and
the physical spin wave function Φ
(uij ,ηij)
spin (i1, i2...) as a
trial wave function. The trial ground state of a spin
Hamiltonian can be obtained by minimizing the average
energy 〈H〉.
First let us consider the following spin Hamiltonian
Hexact = g
∑
i
Fˆi, Fˆi = σ
y
i σ
x
i+xˆσ
y
i+xˆ+yˆσ
x
i+yˆ (4)
where σx,y,z are the Pauli matrices and i = (ix, iy) labels
the site of a square lattice. We find that if we choose the
variational parameters to be
−ηi,i+xˆ = ui,i+xˆ = 1 + τz
−ηi,i+yˆ = ui,i+yˆ = 1− τz , (5)
then the spin wave function Eq. (2) minimize the aver-
age energy. In fact the wave function is the exact ground
state of Hamiltonian H exact.
9 It was found that all the
excitations above the ground state are gapped and the
ground state contains a non-trivial topological order de-
scribed by a Z2 effective gauge theory. We will call such
a state Z2E state.
Ref. 6 introduced another many-spin state on square
lattice which is described by
ui,i+xˆ = ui,i+yˆ = −χτ3,
ui,i+xˆ+yˆ = ητ
1 + λτ2,
ui,i−xˆ+yˆ = ητ1 − λτ2,
uii = υτ
1. (6)
and ηij = 0. However, it is not clear what kind of spin
Hamiltonian gives rise to the spin state described by the
above variational parameters. Despite of this, some phys-
ical properties of the spin state were obtained under the
assumptions that the state is stable for a certain local
spin Hamiltonian.6 Again, all excitations above the spin
state have finite energy gaps. The spin state is a spin
liquid with no spin order. But it contains a non-trivial
topological order described by an effective Z2 gauge the-
ory. So we will call such a spin state Z2A state.
Naively, one may expect the Z2A and the Z2E states
to be the same state since both have Z2 gauge theory
as their low energy effective theory. In the following, we
will show that they are different quantum states with
different topological orders.
FIG. 1: The links crossing the x line and the y line get an
additional minus sign.
III. GROUND STATE DEGENERACY
One way to study a topological order is to study its
ground state degeneracy on a torus. Naively, we expect
the Z2A and the Z2E state to have 4 degenerate ground
states, as implied by the effective Z2 gauge theory. The
argument goes as the following.
First, we note that the physical boson wave function
Φ(uij ,ηij)({in}) is invariant under the following SU(2)
gauge transformations14
(ψi, uij , ηij)→ (Giψi, GiuijG†j , GiηijGTj ) (7)
where Gi ∈ SU(2). So the average energy E(uij , ηij) =
〈Φ(uij ,ηij)|H |Φ(uij ,ηij)〉 satisfies
E(uij , ηij) = E(GiuijG
†
j , GiηijG
T
j ).
Next we assume (u¯ij , η¯ij) give rise to a (variational)
ground state of a Hamiltonian. We would like to show
that the following four ansatz
u
(m,n)
ij = (−)msx(ij)(−)nsy(ij)u¯ij
η
(m,n)
ij = (−)msx(ij)(−)nsy(ij)η¯ij (8)
produce four degenerate ground states. Here m,n = 0, 1.
sx(ij) and sy(ij) have values 0 or 1. sx(ij) = 1 if the link
ij crosses the x line (see Fig. 1) and sx(ij) = 0 otherwise.
Similarly, sy(ij) = 1 if the link ij crosses the y line and
sy(ij) = 0 otherwise. Physically, the degenerate states
arise from adding π flux through the two holes of the
torus. The values of m,n = 0, 1 reflect the presence or
the absence of the π flux in the two holes.
We note that (u
(0,0)
ij , η
(0,0)
ij ) represents the ground
state. We also note that (u
(m,n)
ij , η
(m,n)
ij ) with differ-
ent m and n are locally gauge equivalent. This is be-
cause, on an infinite system, the change, say, uij →
(−)msx(ij)(−)msy(ij)uij can be generated by an SU(2)
gauge transformation uij → WiuijW †j , where Wi =
(−)mΘ(ix)(−)nΘ(iy), and Θ(n) = 1 if n > 0 and Θ(n) = 0
if n ≤ 0. As a result, E(u¯ij , η¯ij) = E(u(m,n)ij , η(m,n)ij ). On
3the other hand, on a torus, (u
(m,n)
ij , η
(m,n)
ij ) with different
m and n are not gauge equivalent in the global sense.
There is no SU(2) gauge transformation defined on the
torus that connects those ansatz. So the four ansatz give
rise to four different degenerate states. This is how we
obtain the four-fold ground state degeneracy for the Z2
states.
However, the above argument is valid only for even
by even lattice. For odd by odd lattice, the argument
breaks down. To understand the failure of the above
argument, let us construct the mean-field ground state
more carefully.
Let us start with a simple case of the Z2A state. For
the ansatz Eq. (6) , the “mean-field” Hamiltonian in mo-
mentum space becomes
Hmean(k) =
∑
k
(ψ†1k, ψ
†
2k)M
(
ψ1k
ψ2k
)
=
∑
k
ε(k)α†
k
αk −
∑
k
ε(k)β†
k
βk (9)
where
M = 2χ(cos kx + cos ky)τ
3 + (2η cos(kx + ky) + 2η cos(kx − ky) + υ)τ1 + (2λ cos(kx + ky)− 2λ cos(kx − ky))τ2,
and
ε(~k) =
√
4χ2(cos kx + cos ky)2 + (2η cos(kx + ky) + 2η cos(kx − ky) + υ)2 + (2λ cos(kx + ky)− 2λ cos(kx − ky))2.
Here αk and βk are diagonalized quasiparticles operators
αk = (aψ1k + ψ2k)/
√
1 + a2,
βk = (bψ1k + ψ2k)/
√
1 + b2,
where a and b are the functions of kx and ky. The mean-
field ground state is obtained by filling all the negative
levels and is given by
|Ψmean〉 =
∏
k
β†
k
|0〉ψ.
where the state |0〉ψ is defined through ψk|0〉ψ = 0. (Note
that all the particles αk has positive energy and all the
particles βk has negative energy.) Since β
†
k
is linear com-
bination of ψ†1 and ψ
†
2 and there are Lx × Ly different
k-levels, the mean-field state |Ψmean〉 contains Lx × Ly
number of fermions. Here Lx,y are sizes of the lattice in
the x- and y-directions.
Clearly, when both Lx and Ly are odd, |Ψmean〉 con-
tains an odd number of fermions. Such a mean-field state
does not correspond to any physical spin state since the
corresponding spin wave function Eq. (2) vanishes. (Note
that Eq. (2) is a projection to the subspace with 0 or 2
fermions per site.) To get a non-zero physical spin wave
function we need to start with a mean-field state with
one extra fermion in the empty α-band (or a hole in the
filled β-band). But by choosing different states for the
extra fermion (or the hole), we can obtain many differ-
ent spin wave functions which are nearly degenerate. So
when both Lx and Ly are odd, the excitations in the
Z2A state are gapless, or we may say that the Z2A state
has infinite degeneracy. Physically, the Z2A state on odd
by odd lattice always contains a unpaired spinon. The
different states of the unpaired spinon gives rise to the
infinite degeneracy.
When one of Lx,y is even, the mean-field state |Ψmean〉
gives rise to a non-zero physical spin state. There is no
unpaired spinon and the excitations are gaped. Each
ansatz u
(m,n)
ij produces a single physical spin state and
the Z2A state has four-fold degeneracy on a torus with
an even number of lattice sites.
Because the spin Hamiltonian is translation invariant,
the ground states carry definite crystal momentum. To
calculate the crystal momentum, we note that in the
(m,n) = (0, 0) sector described by the ansatz u
(0,0)
ij ,
the fermion wave function satisfies the periodic bound-
ary condition. So (kx, ky) are quantized as (kx, ky) =
(nx
2pi
Lx
, ny
2pi
Ly
) where nx,y are integers. And the spin state
produced by the ansatz u
(0,0)
ij has the following crystal
momentum:
Kx =
∑
kx =
Lx∑
nx=1
Ly∑
ny=1
nx
2π
Lx
=
LyLx(Lx + 1)
2
2π
Lx
,
Ky =
∑
ky =
Lx∑
nx=1
Ly∑
ny=1
ny
2π
Ly
=
LxLy(Ly + 1)
2
2π
Ly
.
We would like to point out that the above crystal mo-
mentum is actually the crystal momentum of the mean-
field state. However, the even-fermion-per-site projection
commutes with the translation operator, and thus the
crystal momentum is unchanged by projection.
When m and/or n are equal to 1, the fermion wave
function is antiperiodic in the y- and/or x-directions. In
4(Kx,Ky) (ee) (eo) (oe) (oo)
(00) (0, 0) (pi, 0) (0, pi) –
(01) (0, 0) (pi, 0) (0, 0) –
(10) (0, 0) (0, 0) (0, pi) –
(11) (0, 0) (0, 0) (0, 0) –
TABLE I: Crystal momenta (Kx,Ky) of the four ground
states, (m,n)= (0,0), (0,1), (1,0), (1,1), of the Z2A spin liquid
on three different lattices, (Lx, Ly) = (even,even), (even,odd),
(odd,even).
the case, ky and/or kx are quantized as (ny+
1
2 )
2pi
Ly
and/or
(nx +
1
2 )
2pi
Lx
. The crystal momentum of the spin state
produce by the ansatz u
(m,n)
ij can be calculated in the
similar fashion. For example in the (m,n) = (1, 1) sector,
the crystal momentum is given by
Kx =
Lx∑
nx=1
Ly∑
ny=1
(nx +
1
2
)
2π
Lx
=
LyLx(Lx + 2)
2
2π
Lx
,
Ky =
Lx∑
nx=1
Ly∑
ny=1
(ny +
1
2
)
2π
Ly
=
LxLy(Ly + 2)
2
2π
Ly
.
The results are summarized in the table I.
IV. TOPOLOGICAL PROPERTIES FOR THE
EXACT SOLUBLE MODEL
To understand the topological order in the Z2E state
of the exact soluble model, we would like to calculate the
ground state degeneracy and ground state crystal mo-
menta of the Z2E state. Just like the Z2A state dis-
cussed in the last section, one can construct many-spin
wave functions of the degenerate ground states from the
mean-field ansatz Eq. (8) with (uij , ηij) given by Eq.
(5). The four mean-field ansatz (u
(m,n)
ij , η
(m,n)
ij ) can po-
tentially give rise to four degenerate ground states. But
some time, the mean-field ground state contains odd
numbers of fermions. In this case, the corresponding
mean-field ansatz does not lead to physical spin wave
function.
To calculate the fermion number in the mean-field
ground state, one can write down the “mean-field”
fermion Hamiltonian in momentum space
Hmean(k) =
∑
k>0
(ψ†1k, ψ1,−k)(
cos kx i sin kx
−i sinkx − cos kx )
(
ψ1k
ψ†1,−k
)
+
∑
k>0
(ψ†2k, ψ2,−k)(
cos ky i sinky
−i sinky − cosky )
(
ψ2k
ψ†2,−k
)
+ψ†1kψ1k
∣∣∣
kx=0,ky=0
− ψ†1kψ1k
∣∣∣
kx=pi,ky=pi
+ ψ†2kψ2k
∣∣∣
kx=0,ky=0
− ψ†2kψ2k
∣∣∣
kx=pi,ky=pi
+ψ†1kψ1k
∣∣∣
kx=0,ky=pi
− ψ†1kψ1k
∣∣∣
kx=pi,ky=0
− ψ†2kψ2k
∣∣∣
kx=0,ky=pi
+ ψ†2kψ2k
∣∣∣
kx=pi,ky=0
=
∑
k>0
[α†
k
αk + α
†
−kα−k] +
∑
k>0
[β†
k
βk + β
†
−kβ−k]
+ψ†1kψ1k
∣∣∣
kx=0,ky=0
− ψ†1kψ1k
∣∣∣
kx=pi,ky=pi
+ ψ†2kψ2k
∣∣∣
kx=0,ky=0
− ψ†2kψ2k
∣∣∣
kx=pi,ky=pi
+ψ†1kψ1k
∣∣∣
kx=0,ky=pi
− ψ†1kψ1k
∣∣∣
kx=pi,ky=0
− ψ†2kψ2k
∣∣∣
kx=0,ky=pi
+ ψ†2kψ2k
∣∣∣
kx=pi,ky=0
, (10)
with (
αk
α†−k
)
= exp(−ikx
(
0 1
1 0
)
)
(
ψ1k
ψ†1,−k
)
,
(
βk
β†−k
)
= exp(−iky
(
0 1
1 0
)
)
(
ψ2k
ψ†2,−k
)
.
Here k = 0 means that (kx, ky) = (0, 0), (0, π), (π, 0), or
(π, π), and k > 0 means that ky > 0 or ky = 0, kx > 0
and k 6= 0.
We note that both α band and β band have a positive
energy Ek = 1. α±k, β±k will annihilate the mean-field
ground state |Ψmean〉,
α±k|Ψmean〉 = 0, β±k|Ψmean〉 = 0.
It needs to point out that the above formula for the
“mean-field” fermion Hamiltonian are valid only for even-
by-even lattice with periodic boundary condition, i.e.
(m,n) = (0, 0). For other cases (even-by-even lattice
with anti-periodic boundary conditions, and even-by-
odd, odd-by even, odd by odd lattices with both periodic
boundary condition and anti-periodic boundary condi-
tions), one or more of the four high symmetry points at
momentum space k∗ = (0, 0), (0, π), (π, 0), (π, π) are
absent which is shown in the table in appendix.
5(Kx,Ky) (ee) (eo) (oe) (oo)
(00) (pi, pi) – – –
(01) (0, 0) – (0, 0) (0, 0)
(10) (0, 0) (0, 0) – (0, 0)
(11) (0, 0) (0, 0) (0, 0) –
TABLE II: Crystal momenta of the degenerate ground states,
(m,n)= (0,0), (0,1), (1,0), (1,1), of the Z2E spin liquid on
four different lattices, (Lx, Ly) = (even,even), (even,odd),
(odd,even), (odd,odd).
We also note that, for k 6= 0,
αk = ukψ1,k + vkψ
†
1,−k
α†−k = −v∗kψ1,k + u∗kψ†1,−k.
The condition αk|Φmean〉 = α−k|Φmean〉 = 0 implies that
(if we only consider the k and −k levels)
|Φmean〉 = (vk + ukψ†1,−kψ†1,k)|0〉
We see that k 6= 0 levels always contribute even num-
bers of fermions. Also, since vk + ukψ
†
1,−kψ
†
1,k carries
0 momentum, we see that the contribution to the total
momentum from the k 6= 0 levels is zero.
Thus to determine if the mean-field ground state con-
tain even or odd number of ψ fermions, we only need
to examine the occupation on the four k = 0 momen-
tum points: k = (0, 0), (0, π), (π, 0), (π, π). The Hamil-
tonian on those four points is contained in Eq. (10).
All the negative energy levels are filled in the mean-field
ground state. On an even by even lattice and for the
(m,n) = (0, 0) ansatz, all the momenta (π, 0), (0, π), and
(π, π) are allowed. Thus the (π, 0) level and the (π, π)
level each is occupied by a ψ1 fermion, and the (0, π)
level and the (π, π) level each is occupied by a ψ2 fermion.
The total momentum of the ground state is (π, π). Such
a mean-field ground state has even numbers of fermions.
It will survive the projection and lead to a physical spin
ground state. Other situations can be calculated in the
same way. Here we only summarize the result: on an
even by even lattice, there exist four different degenerate
ground states. However, on other kinds of lattice ( even
by odd, odd by even and odd by odd), there exist only
two different ground states. The other two states are
projected out since the mean-field ground states contain
odd numbers of fermions. The crystal momenta of the
degenerate ground states can also be calculated which
are summarized in table II.
V. THE MUTUAL U(1)×U(1) CS THEORY
In the above sections we have calculated the topolog-
ical properties for the Z2A and the Z2E states. Due to
their different topological properties, we find that the two
states have different topological orders. Then an impor-
tant issue is to find the low energy effective theories that
describe the two different topological orders. We find
that a mutual U(1)× U(1) CS theory with different pro-
jective realizations of the lattice symmetry can describe
the two kind of topological orders. We reach the con-
clusion by comparing the topological properties of the
mutual U(1)×U(1) CS theory with those of the Z2A and
the Z2E states. All the topological properties, includ-
ing topological degeneracy, quantum numbers, and edge
states, agree, indicating the equivalence between the Z2
topological states on lattice and the mutual U(1)×U(1)
CS theory.
1. Mutual U(1)×U(1) CS theory
First we introduce the Lagrangian for the mutual
U(1)× U(1) CS theory :
Leff = − 1
4e2a
(fµν)
2 − 1
4e2A
(Fµν)
2 (11)
+
1
π
ǫµνλAµ∂νaλ + ia
µjµ + iA
µJµ (12)
where fµν is the gauge field strength for gauge field aλ
and Fµν is the gauge field strength for gauge field Aµ.
The excitations are described by the currents which are
defined as jµ = (ji, ρa) and Jµ = (Ji, ρA). The gauge
charges of aµ and Aµ are quantized as integers.
From the equation motions for aλ and Aλ,
− 1
2ea
(∂µfµλ) +
1
π
ǫµνλFµν = −ijµ,
− 1
2e2A
(∂µFµλ) +
1
π
ǫµνλfµν = −iJµ,
we find that a U(1) charge for gauge field Aµ induces flux
of gauge field aµ. As a result, the U(1) charge for gauge
field Aµ and the U(1) charge for gauge field aµ have a
semionic mutual statistics. That is, moving an Aµ-charge
around an aµ-charge generates a phase π. This catches
the key topological property for the Z2 spin liquid. It
is well known that the Z2 spin liquid states contain Z2
vortex and Z2 charge excitations. And the Z2 vortex and
the Z2 charge have semionic mutual statistics between
them. So we will propose that the mutual Chern-Simons
theory 11 describes a Z2 gauge theory. The Aµ-charge
can be identified as the Z2 charge and the aµ-charge as
the Z2 vortex.
Furthermore, the energy gap for both of the gauge
fields comes from the mutual CS term
ma ∼ e2a, mA ∼ e2A.
The mutual U(1)×U(1) CS theory describes a gapped
topological state. This also agrees with the Z2 topologi-
cal states where all excitations are gapped.
However, we have two kinds of Z2 topological orders
Z2A and Z2E. How can the two different Z2 topological
orders be described by the same U(1)×U(1) CS theory?
6In the following we will show that two different Z2 topo-
logical orders are described by the same U(1) ×U(1) CS
theory but with different realizations of the lattice sym-
metry.
To obtain two different realizations of lattice symme-
try, we note that Z2 vortices for the exactly soluble model
(the Z2E state) live on the even plaquettes. The vortices
on the odd plaquettes are actually the Z2 charge.
9,14 So
under a translation by one lattice spacing, a Z2 vortex is
changed into a Z2 charge! So in the mutual U(1)×U(1)
CS theory that describes the Z2E state, aµ and Ai must
exchange under the translation by one lattice spacing.
Also, the Z2A state contains π flux through each
square. This π flux also affects how aµ is transformed
under translation. To see this, let us consider two Wil-
son loop operators W1 = e
i
H
C1
dyay and W2 = e
i
H
C2
dyay
along two loops C1 and C2. Both loops wrap around
the torus in y-direction. However the loop C2 is dis-
placed from the loop C1 by one lattice constant in the
x-direction. In the following, we will assume the lattice
constant is a = 1. Due to the π flux through each square,
we see that W2 = (−)LyW1, where Ly is the length of
the torus in the y-direction. So under a translation by
one lattice constant in the x-direction, ay must change
to ay + π, to account for the change in the Wilson loop.
The above discussion motivates us to define two types
of mutual U(1) ×U(1) CS theories which have different
realizations of translation symmetries. Let Tx and Ty
be the translations by one lattice spacing in the x and
y directions respectively. The first type of the mutual
U(1)×U(1) CS theory is denoted as Z2A type which de-
scribes the Z2A state. The π flux makes the gauge fields
transform non-trivially under translations:
T−1x AxTx = Ax, T
−1
y AxTy = Ax + π,
T−1x AyTx = Ay + π, T
−1
y AyTy = Ay,
T−1x axTx = ax, T
−1
y axTy = ax + π,
T−1x ayTx = ay + π, T
−1
y ayTy = ay. (13)
Since the translation Tx (Ty) may shift Ay (ax) by π, this
reproduces the different patterns of crystal momenta of
the degenerate ground states on different lattices.
The other type of the mutual CS theory is denoted as
Z2E type that describes the Z2E state. It has no flux.
However, the gauge fields still transform non-trivially un-
der translations:
T−1i AjTi = aj , T
−1
i ajTi = Aj , i = x, y
Ai and ai will exchange under a translation operation by
one lattice spacing.
2. The topological degeneracy
In the next a few sections, we will calculate the topo-
logical properties of the above two types of mutual CS
theory. First, we calculate the topological degeneracy for
the ground states. In the temporal gauge, A0 = 0, and
on an even-by-even lattice, the fluctuations Ai and ai are
periodic. We can expand them as
(Ax, Ay) = (
1
Lx
Θx +
∑
k
Axke
ixˇ·k,
1
Ly
Θy +
∑
k
Ay
k
eixˇ·k),
(14)
(ax, ay) = (
1
Lx
θx +
∑
k
axke
ixˇ·k,
1
Ly
θy +
∑
k
ay
k
eixˇ·k)
(15)
where k =(kx, ky) = (
2pi
Lx
nx,
2pi
Ly
ny) where nx,y are in-
tegers. (Ax
k
, Ay
k
) and (ax
k
, ay
k
) are the gauge fields with
non-zero momentum and (Θx,Θy) and (θx, θy) are the
zero modes with zero momentum for the gauge fields Ai
and ai. Because the existence of the mass gap, the de-
gree freedoms for gauge fields with non-zero momentum
(Ax
k
, Ay
k
) and (ax
k
, ay
k
) have nothing to do with the low
energy physics. It is the degree freedoms of zero mo-
mentum (Θx,Θy) and (θx, θy) that determine the low
energy physics. The effective Lagrangian Eq.(11) deter-
mines the dynamics of (Θx,Θy) and (θx, θy) which corre-
sponds to two particles on a plane with a finite magnetic
field. (Θx, θy) are the coordinates of the first particle,
and (Θy, θx) are the coordinates of the second particle.
Thus we map the original mutual U(1)×U(1) CS the-
ory to a quantum mechanics model of two particles (see
appendix). The energy spectrum for the quantum me-
chanics model can be solved easily. The lowest energy
levels for above model reveal the topological characters
for the ground states. The degeneracy for (Θx, θy) de-
grees of freedom and the degeneracy for (Θy, θx) degrees
of freedom are given as D(Θx,θy) = 2 and D(Θy,θx) = 2.
For both the Z2A type and the Z2E type CS theories,
there exist four degenerate ground states
D = D(Θx,θy)D(Θy,θx) = 2× 2 = 4.
However, the above result only applies to even-by-even
lattice. For other cases, even-by-odd, odd-by-even and
odd-by-odd, the situations are changed. We will discuss
those more complicated cases in appendix.. We find that
for the Z2A type mutual CS theory, the ground state
degeneracy remain to be 4 for even-by-odd and odd-by-
even lattices. For the Z2E type mutual CS theory, the
ground state degeneracy becomes 2 for even-by-odd, odd-
by-even, and odd-by-odd lattices.
One way to understand the later result is to note that
if Lx is odd then one gauge field will turn into the other
one as we go around the lattice along x-direction. Thus
the gauge fields have a twisted boundary condition:
Ai(x+ Lx, y) = ai(x, y), ai(x + Lx, y) = Ai(x, y).
This twisted boundary condition means that Aµ and aµ
can be viewed as a single gauge field on a lattice whose
size is doubled in the x-direction. There are only two zero
7modes in the mode expansion. As a result the ground-
state degeneracy on even-by-odd, odd-by-even and odd-
by-odd is reduced to 2. We can also use the CS theories
to calculate the crystal momenta of the ground states
(see appendix). The results agree with those in tables I
and II.
3. The edge states
We can also use the mutual U(1)×U(1) CS theories to
study edge excitations. First, let us consider the exact
soluble model ( 4) on a finite Lx × Ly lattice with a
periodic boundary condition only along y-direction. The
lattice has two edges along y -direction located at ix = 0
and ix = Lx. Such a lattice model can be obtained from
the periodic lattice model (4) by setting g = 0 for a
column of plaquettes. The resulting model is still exactly
soluble. We find that the ground states have ∼ 2Ly -fold
degeneracy which arise from σyi σ
x
i+xˇσ
y
i+xˇ+yˇσ
x
i+yˇ = ±1 on
the column of plaquettes with g = 0. Those degenerate
states can be viewed as gapless edge excitations on the
two boundaries. Since there are 2Ly edge sites, we find
that there are
√
2 edge states per edge site, indicating
that the gapless edge states are described by Majorana
fermions. Indeed, the gapless edge excitations can be
mapped to a Majorana fermion system exactly.
To obtain the gapless edge states from the mutual CS
theories, we introduce
a+,µ = Aµ + aµ, a−,µ = Aµ − aµ
and rewrite the mutual U(1)× U(1) CS effective theory
as
Leff = 1
4π
a+,µ∂νa+,λǫ
µνλ− 1
4π
a−,µ∂νa−,λǫµνλ+ ... (16)
The charges of Aµ and aµ are quantized as integers. Con-
verting the Aµ and aµ charges to the a+,µ and a−,µ
charges, we find that the a+,µ and a−,µ charges are still
quantized as integers. However, (1/2, 1/2) charge for the
a+,µ and a−,µ field is also allowed.
The mutual CS theory (16) has one right-moving and
one left-moving branches of edge excitations. The two
branches of the edge excitations are described by the fol-
lowing 1D fermion theory14
Ledge = ψ†R(∂t − v∂x)ψR + ψ†L(∂t + v∂x)ψL + ...
at low energies, where (...) represent terms that are con-
sistent with the underlying symmetries of the lattice
model. ψR carries a unit of a+ charge and ψ− a unit
of a− charge. We note that the Aµ and aµ charges, as
the Z2 charge and the Z2 vortex, are conserved only mod
2. So (...) may contain terms that change (a+, a−) charge
by (1, 1) and (1,−1). Thus, the following terms
aψRψL + bψRψ
†
L + h.c.
are allowed in the low energy effective Lagrangian. The
additional terms will open an energy gap for the edge ex-
citations and one may conclude that the Z2E state in the
exactly soluble model (4) has no gapless edge excitations
in general.
However, the above conclusion is not quite correct. We
see that although the presence of the edge breaks the
translation symmetry in the x-direction, the finite sys-
tem still has the translation symmetry in the y-direction.
Under the translation in the y-direction by lattice spac-
ing, Aµ and aµ is exchanged, or (a+,µ, a−,µ) are changed
into (a+,µ, −a−,µ). So the translation in the y-direction
changes the sign of the a− charge and hence changes ψL
to ψ†L. As a result, only the following term
aψR(ψL + ψ
†
L) + h.c.
can be added to the edge effective Lagrangian, which do
not break the translation symmetry along the edge.
Introducing Majorana fermions
ψR = λR + iηR, ψL = λL + iηL,
we can rewrite the edge effective Lagrangian as
Ledge = λR(∂t − v∂x)λR + ηR(∂t − v∂x)ηR
+ λL(∂t + v∂x)λL + ηL(∂t + v∂x)ηL
+ 2(aλRλL + iaλRηL + h.c.).
The aλRλL + iaλRηL term gaps a pair of Majorana
fermions and leave the other pair gapless. So the Z2E
state has right-moving and left-moving gapless edge ex-
citations described by Majorana fermions, provided that
the edge is in the x- or y-direction. The presence of the
translation symmetry in the x- or y-direction is crucial
for the existence of the gapless edge excitations for the
Z2E type mutual U(1)×U(1) CS theory and the exact
soluble model.
For the Z2A state, although the low energy effective
theory has the same form as the exactly soluble model,
the translation does not induce the exchange between
Aµ and aµ. As a result, in general, there are no gapless
edge excitations for the Z2A type mutual U(1)× U(1) CS
theory and the Z2A state.
VI. CONCLUSION
In this paper, two kinds of Z2 topological ordered
states for frustrated spin systems, Z2A state and Z2E
state, are studied. Using the SU(2) slave-particle theory,
we calculate their ground-state degeneracy, their ground-
state quantum numbers, their gapless edge state, and the
projective symmetry group of their quasi-particles. We
propose a mutual U(1)×U(1) Chern-Simons theory with
two different realizations of lattice symmetry as the ef-
fective field theories that describe the two types of topo-
logical orders. We show that the effective theories pro-
duce the same low energy physics, including the degen-
eracy of the ground state, the quantum number for the
8ground state and the edge states. It turns out that the
different Z2 topological orders are reflected in different
realizations of the lattice symmetry in the same effective
mutual Chern-Simons theory.
We like to mention that the Z2A phase appears to be
an example of “weak symmetry breaking in dimension 2”,
while the Z2E phase appears to be an example of “weak
symmetry breaking in dimension 1” discussed in Ref. 18.
So these two phases are examples of the two basic ways
that lattice symmetries and topological structure can be
entangled.
This research is supported by NSF Grant No. DMR-
0706078, NFSC no. 10228408, and NFSC no. 10574014.
APPENDIX A: APPENDIX
a. Topological degeneracy for the Z2E state
We have used ansatz (u
(m,n)
ij , η
(m,n)
ij ) =
((−)msx(ij)(−)nsy(ij)u¯ij , (−)msx(ij)(−)nsy(ij)η¯ij) to
describe the four degenerate ground states for the Z2E
state. Here m,n = 0, 1. sx,y(ij) have values 0 or 1, with
sx,y(ij) = 1 if the link ij crosses the x or y line (see
Fig. 1) and sx,y(ij) = 0 otherwise.
It is pointed out that the above result of four degen-
erate ground states is right only for the Z2E state on
an even-by-even lattice. On other kinds of lattice ( even
by odd, odd by even and odd by odd), there exist only
two different ground states. The other two states are
projected out since the mean-field ground states contain
odd numbers of fermions.
Let’s calculate the topological degeneracy for the Z2E
state on different lattices in detail. It was pointed out
that the total number of the ψ fermions on k and −k
is always even if k 6= 0. To determine if the mean-field
ground state contains even or odd number of ψ fermions,
we will only pay attention to the occupation on the fol-
lowing four momentum points: k = (0, 0), (0, π), (π, 0),
(π, π).
Firstly, we discuss the topological degeneracy for Z2E
state on an even by even lattice. For the ground state
described by (m,n) = (0, 0), the energy levels for both
ψ1 and ψ2 have positive energies at k = (0, 0) (see Eq.
10). Thus the k = (0, 0) level is not occupied. We also
see from Eq. 10 that, at k = (0, π), ψ1 has a positive
energy ψ2 has a negative energy. Thus the k = (0, π)
level is occupied by a ψ2 particle. Similarly, we find that
the k = (π, 0) level is occupied by a ψ1 particle, the
k = (π, π) level is occupied by a ψ1 particle and a ψ2 par-
ticle. Therefore, four particles occupy the points (0, 0),
(0, π), (π, 0), (π, π). Because the meanfield ground state
|Ψ(u
(0,0)
ij ,η
(0,0)
ij )
mean 〉 has even number particles, it survives the
even-particle-per-site projection.
Also, the total contribution to the crystal momentum
from the k 6= 0 levels is zero. Thus the total crystal
momentum is determined by the particles that occupy
the (0, 0), (0, π), (π, 0), (π, π) levels. We find that the
total crystal momentum of the above state is 0× (0, 0)+
1× (0, π) + 1× (π, 0) + 2× (π, π) = (π, π).
For the ground states described by (m,n) = (1, 0),
(m,n) = (0, 1), and (m,n) = (1, 1), non of the high-
symmetry points (0, 0), (0, π), (π, 0), (π, π) exist. Thus
the ground states have even number particles, so they are
all permitted under the even-particle-per-site projection.
The total crystal momenta of the above states are all
zero.
Therefore, there are four degenerate ground states on
even-by-even lattice. One carries crystal momentum
(π, π) and other three carry crystal momentum (0, 0).
This corresponds to the first column of table II.
Secondly, we discuss the topological degeneracy for
Z2E state on an even by odd lattice. For the ground state
described by (m,n) = (0, 0), the k = (0, 0) level is not
occupied; the k = (π, 0) level is occupied by one ψ1 par-
ticle, as before. The points (0, π) and (π, π) do not exist.
As a result, only one particle occupies the high-symmetry
points. Because the ground state |Ψ(u
(0,0)
ij ,η
(0,0)
ij )
mean 〉 has odd
number particles, it is forbidden by the even-particle-per-
site projection.
For the ground state described by (m,n) = (0, 1), the
points (0, 0), (0, π), (π, 0), (π, π) do not exist. Thus the
ground state has even number particles, so it is permitted
by the projection. Such a state carries a (0, 0) crystal
momentum.
For the ground state described by (m,n) = (1, 0), the
k = (0, π) level is occupied by a ψ2 particle, and the
k = (π, π) level is occupied by a ψ1 and a ψ2 particles.
The (π, 0) and (0, 0) points do not exist. As a result,
three particles occupy the high-symmetry points. The
state is forbidden by the projection.
For the ground state noted by (m,n) = (1, 1), the
points (0, 0), (0, π), (π, 0), (π, π) do not exist. Because
the ground state |Ψ(u
(1,1)
ij ,η
(1,1)
ij )
mean 〉 has even number parti-
cles, it is also permitted by the projection. Such a state
also carries a (0, 0) crystal momentum.
Therefore there are two degenerate ground states on
an even by odd lattice. Similarly topological degeneracy
for Z2E state on an odd by is also two. All those states
carry a (0, 0) crystal momentum. This corresponds to
the second and third columns of table II.
Last, let us discuss the topological degeneracy for Z2E
state on an odd by odd lattice. For the ground state
described by (m,n) = (0, 0), the k = (0, 0) level is not
occupied. The points (π, 0) (0, π) and (π, π) do not ex-
ist. As a result, no particle occupies the high-symmetry
points. The ground state |Ψ(u
(0,0)
ij ,η
(0,0)
ij )
mean 〉 has even num-
ber particles which is permitted by the projection.
For the ground state described by (m,n) = (1, 0), the
k = (π, 0) level is occupied by a ψ1 particle. The points
(0, 0) (0, π) and (π, π) do not exist. As a result, one
particle occupies the high-symmetry points. Because the
ground state |Ψ(u
(1,0)
ij ,η
(1,0)
ij )
mean 〉 has odd number particles, it
9is not permitted by the projection.
For the ground state described by (m,n) = (0, 1), the
k = (0, π) level is occupied by a ψ2 particle. The points
(0, 0) (π, 0) and (π, π) do not exist. As a result, one
particle occupies the high-symmetry points. Because the
ground state |Ψ(u
(1,0)
ij ,η
(1,0)
ij )
mean 〉 has odd number particles, it
is not permitted by the projection.
For the ground state described by (m,n) = (1, 1), at
the k = (π, π) level is occupied by a ψ1 and a ψ2 parti-
cle. The points (π, 0), (0, π), and (0, 0) do not exist. As
a result, two particle occupies the high-symmetry points.
The ground state |Ψ(u
(1,1)
ij ,η
(1,1)
ij )
mean 〉 has even number parti-
cles, so the state is permitted by the projection.
In conclusion, Z2E state has four-fold degeneracy on
an even by even lattice and two-fold degeneracy on an
even by odd lattice, odd by even lattice or odd by odd
lattice. The crystal momenta of those ground states are
given by the table II.
b. Quantization for the mutual U(1)×U(1) CS theory
To calculate the topological properties for the ground
states of the mutual U(1)×U(1) CS theories, one needs
to quantize the gauge fields. We will choose the temporal
gauge A0 = 0. In the temporal gauge, the physical de-
grees of freedom are described by (Ax, Ay) and (ax, ay).
After the mode expansion, the effective Lagrangian can
be written as
L =
1
2
MxΘ˙
2
x +
1
2
MyΘ˙
2
y +
1
2
mxθ˙
2
x +
1
2
my θ˙
2
y −
1
2π
Θxθ˙y − 1
2π
Θy θ˙x +
1
2π
θyΘ˙x +
1
2π
θxΘ˙y + ...
where (Ax
k
, Ay
k
) and (ax
k
, ay
k
) represent the terms that cer-
tain only the k 6= 0 modes. The masses are given asMx =
1
e2A
Ly
Lx
, My =
1
e2A
Lx
Ly
and mx =
1
e2a
Ly
Lx
, my =
1
e2a
Lx
Ly
. Be-
cause the existence of the mass gap, the degree freedoms
for gauge fields with non-zero momentum (Ax
k
, Ay
k
) and
(ax
k
, ay
k
) have nothing to do with the low energy physics.
So we will concentrate on the dynamics of θx,y and Θx,y.
Leff = − 1
4e2a
(fµν)
2 − 1
4e2A
(Fµν)
2 +
1
π
ǫµνλAµ∂νaλ. (A1)
From the effective Lagrangian, one can define the con-
jugate momentum for (Θx,Θy) and (θx, θy),
PΘx =
∂Leff
∂Θ˙x
=MxΘ˙x +
θy
2π
,
PΘy =
∂Leff
∂Θ˙y
=MyΘ˙y − θx
2π
,
pθx =
∂Leff
∂θ˙x
= mxθ˙x +
Θy
2π
,
pθy =
∂Leff
∂θ˙y
= my θ˙y − Θx
2π
.
Using the conjugate momentum we write down the fol-
lowing effective Hamiltonian to describe the low energy
physics of the mutual U(1)×U(1) CS theory
Heff =
(PΘx − θy2pi )2
2Mx
+
(pθy +
Θx
2pi )
2
2mx
+
(PΘy +
θx
2pi )
2
2My
+
(pθx − Θy2pi )2
2mx
.
By choosing different Landau gauges, the above can
rewritten as
Heff =
(PΘx − θypi )2
2Mx
+
p2θy
2my
+
(pθx − Θypi )2
2mx
+
P 2Θy
2My
or
Heff =
P 2Θx
2Mx
+
(pθy +
Θx
pi )
2
2my
+
pθx
2
2mx
+
(PΘy +
θx
pi )
2
2My
.
The low energy properties of the U(1) × U(1) Chern-
Simons theory is described by the above Hamiltonian.
c. Topological degeneracy and crystal momenta for the Z2E
type mutual U(1)×U(1) CS theory
Let us first use the Hamiltonian to calculate the ground
state degeneracy of the Z2E state on an even by even
lattice.
We note that ax and ax +
2pi
Lx
are related by a U(1)
gauge transformation. Thus θx = 0 and θx = 2π are
also related by a U(1) gauge transformation, which im-
plies that θx = 0 and θx = 2π should be viewed as the
same point. Similarly each of the three pairs θy = 0 and
θy = 2π, Θx = 0 and Θx = 2π, Θy = 0 and Θy = 2π,
also should be viewed as the same point. Thus the above
Hamiltonian describes two particles, each moves on a
2π × 2π torus. Each particle also see 4π flux through
the torus.
The first particle is described by (Θx, θy). Since there
are two units of flux through the torus, the ground states
for the first particle has a degeneracy D(Θx,θy) = 2. Sim-
ilarly, the ground states for the second particle also has
a degeneracy D(Θy,θx) = 2.
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As a result, for the Z2E type mutual U(1)×U(1) CS
theory, the ground states have four-fold degeneracy on
an even-by-even lattice :
D = D(Θx,θy)D(Θy,θx) = 2× 2 = 4. (A2)
And the wave-functions Ψ for the four ground states
with degenerate energy are given as |1〉, |2〉, |3〉 and |4〉,
Ψ1 ≃ exp
[
− 1
4π
θ2y
]
exp
[
− 1
4π
Θ2y
]
, (A3)
Ψ2 ≃ e−iΘx exp
[
− 1
4π
(θy − π)2
]
exp
[
− 1
4π
Θ2y
]
,
Ψ3 ≃ e−iθx exp
[
− 1
4π
θ2y
]
exp
[
− 1
4π
(Θy − π)2
]
,
Ψ4 ≃ e−iθxe−iΘx exp
[
− 1
4π
(θy − π)2 − 1
4π
(Θy − π)2
]
.
Now let’s calculate the crystal momentum for the four-
fold degenerate ground states. For the Z2E type mutual
U(1)×U(1) CS theory, the translation operations Ti are
known as
T−1i AjTi = aj , T
−1
i ajTi = Aj .
Thus we have the translation operation for its zero modes
(Θx,Θy) and (θx, θy) :
T−1x θxTx = Θx,
T−1y θyTy = Θy,
T−1x θyTx = Θy,
T−1y θxTy = Θx.
Under the translation operators, we have
Tx|j〉 = |j〉,
Ty|j〉 = |j〉,
j = 1, 4.
Tx|2〉 = |3〉, Ty|2〉 = |3〉,
Tx|3〉 = |2〉, Ty|3〉 = |2〉.
So |2〉 and |3〉 cannot be the eigenstates for the ground
state. Instead, the eigenstates for the ground state are
given as |2′〉 = 1√
2
(|2〉+ |3〉) and |3′〉 = 1√
2
(|2〉 − |3〉) .
For |2′〉 and |3′〉, the eigenvalues for the translation op-
erators are given as
Tx|2′〉 = |2′〉, Ty|2′〉 = |2′〉,
Tx|3′〉 = eipi|3′〉, Ty|3′〉 = eipi|3′〉.
As a result, on an even-by-even lattice, the crystal mo-
mentum of the E type mutual U(1)×U(1) CS theory is
(Kx,Ky) = (0, 0) for the ground states |1〉, |2′〉, |4〉 and
(Kx,Ky) = (π, π) for the ground state |3′〉.
For other cases, on an even-by-odd, odd-by-even or
odd-by-odd lattice, the situations are changed. Because
for odd number rows along x-axis or y-axis, one gauge
field Aµ (aµ) will turn into the other one aµ (Aµ). For
example, on a Lx×Ly even-by-odd lattice (Lx is an even
number and Ly is an odd number), under such a twisted
boundary condition for odd number Ly, one has
Aµ(x, y + Ly) = aµ(x, y),
aµ(x, y + Ly) = Aµ(x, y),
Aµ(x+ Lx, y) = Aµ(x, y),
aµ(x+ Lx, y) = aµ(x, y). (A4)
The quantization for gauge fields in Eq.14 cannot be ap-
plied to the gauge fields under a twisted boundary con-
dition.
Now after putting the mutual U(1)×U(1) CS theory
on a Lx × (2Ly) even-by-even lattice, we have a periodic
boundary condition,
Aµ(x, y + 2Ly) = Aµ(x, y), aµ(x, y + 2Ly) = aµ(x, y).
In the temporal gauge, A0 = 0, and on such even-by-
even lattice, we can expand the fluctuations for the gauge
fields as
(Ax, Ay) = (
1
Lx
Θx +
∑
k
Axke
ixˇ·k,
1
2Ly
Θy +
∑
k
Ay
k
eixˇ·k),
(A5)
(ax, ay) = (
1
Lx
θx +
∑
k
axke
ixˇ·k,
1
2Ly
θy +
∑
k
ay
k
eixˇ·k)
(A6)
where k =(kx, ky) = (
2pi
Lx
nx,
pi
Ly
ny) where nx,y are in-
tegers. (Ax
k
, Ay
k
) and (ax
k
, ay
k
) are the gauge fields with
non-zero momentum and (Θx,Θy) and (θx, θy) are the
zero modes with zero momentum for the gauge fields Ai
and ai. However, A
i
k
and ai
k
(Θi and θi ) are not inde-
pendent and have constraints to obey the original twisted
boundary condition in Eq.A4, we must have
Ai
k
= ai
k
eiLy·ky = ai
k
ei·piny , (A7)
Θi = θi.
To calculate the topological degeneracy, we map the
original mutual U(1)×U(1) CS theory on even-by-odd
lattice to two-particle quantum mechanics model on a
torus in a magnetic field 1pi . In the ”Landau gauge”, the
effective Hamiltonian of the two-particle quantum me-
chanics model is given as
Heff =
(PΘx − θy2pi )2
2Mx
+
(pθy +
Θx
2pi )
2
2mx
+
(PΘy +
θx
2pi )
2
2My
+
(pθx − Θy2pi )2
2mx
where Mx =
1
e2
A
2Ly
Lx
, My =
1
e2
A
Lx
2Ly
and mx =
1
e2a
2Ly
Lx
,
my =
1
e2a
Lx
2Ly
. However, because of the constraint in
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Eq.A7, the two particles (θx, θy) and (Θx,Θy) are bound
into a single particle! As a result, there are two degen-
erate ground states instead of four. In addition, we can
write down the wave-functions for the two ground states
in the Landau gauge with topological degeneracy: for the
wave-function |1〉,
Ψ1 ≃ e− 14pi θ
2
y = e−
1
4piΘ
2
y ,
and the wave-function |2〉,
Ψ2 ≃ e−iΘxe− 14pi (θy−pi)
2
= e−iθxe−
1
4pi (Θy−pi)2 .
Now let’s calculate the crystal momentum for the two-
fold degenerate ground states. The ground states are
invariant under the translation operations
Tx|j〉 = |j〉,
Ty|j〉 = |j〉,
j = 1, 2.
Then the crystal momentum (Kx,Ky) is (0, 0) for the
E type mutual U(1)×U(1) CS theory on an even-by-odd
lattice.
Furthermore, using the same method, we calculated
the topological degeneracies and the crystal momenta for
the ground states of the Z2E type mutual U(1)×U(1) CS
theory on an odd-by-even or odd-by-odd lattices. The
results are similar to those on an even-by-odd lattice: the
ground states have two-fold degeneracy and (Kx,Ky) =
(0, 0).
In summary, all the low energy physical properties for
the Z2E type U(1)×U(1) Chern-Simons theory match
that for the Z2E topological ordered state.
d. Topological degeneracy and crystal momenta for the Z2A
type mutual U(1)×U(1) CS theory
In this part, we will calculate the topological de-
generacy and crystal momenta for Z2A type mutual
U(1)×U(1) CS theory. The effective Hamiltonian to de-
scribe the low energy physics of the Z2A type the mu-
tual U(1)×U(1) CS theory can be written in the ”Landau
gauge” as
Heff =
(PΘx − θypi )2
2Mx
+
p2θy
2my
+
(pθx − Θypi )2
2mx
+
P 2Θy
2My
.
It is noted that there exists the Heisenberg Algebra for
zero modes of the gauge fields. The ”magnetic” transla-
tion operators Uθx = e
pii(pθx+
Θy
pi
) and UΘy = e
pii(pΘy+
θx
pi
)
consist of the Heisenberg algebra
UθxUΘy = e
ipiUΘyUθx .
Because the Hamiltonian is invariant for the operations
Uθx and UΘy ,
U−1θx HUθx = H,
U−1ΘyHUΘy = H,
the ground states are the eigenstates of Uθx and UΘy . So
one can draw a conclusion from the Heisenberg algebra
that the ground states have two-degeneracy for (θx,Θy).
On the other hand, for (Θx, θy) , one can do the same cal-
culation. So the ground states have two-degeneracy for
(θy,Θx) which is also characterized by the eigenstates
of Uθy = e
pii(pθy+
Θx
pi
) and UΘx = e
pii(pΘx+
θy
pi
). As a re-
sult, for the Z2A type mutual U(1)×U(1) CS theory, the
ground states have four-fold degeneracy :
D = D(Θx,θy)D(Θy,θx) = 2× 2 = 4. (A8)
We denote the four ground states with topological de-
generacy as |1〉, |2〉, |3〉 and |4〉,
Uθx |1〉 = |1〉,
Uθx |2〉 = |2〉,
Uθx |3〉 = eipi|3〉,
Uθx |4〉 = eipi|4〉,
and
UΘy |1〉 = |1〉,
UΘy |2〉 = eipi|2〉,
UΘy |3〉 = |3〉,
UΘy |4〉 = eipi|4〉.
Now let’s calculate the crystal momentum for the four-
fold degenerate ground states. For the Z2A type mutual
U(1)×U(1) Chern-Simons theory, the translation opera-
tions for the gauge fields are given by Eq. (13). The
translation operations for zero modes of the gauge fields
are given as (13)
T−1x ΘyTx = Θy,
T−1y ΘxTy = Θx,
T−1x ΘyTx = Θy + Lyπ,
T−1y ΘxTy = Θx,
and
T−1x θyTx = θy,
T−1y θxTy = θx + Lxπ,
T−1x θxTx = θx,
T−1y θyTy = θy.
As a result, the real ground states can be labeled by the
eigenvalues of Uθx (or Uθy , UΘy , UΘx) which are 1 and
−1. We denote the four ground states with topological
degeneracy as |1〉, |2〉, |3〉 and |4〉,
Uθx |1〉 = |1〉,
Uθx |2〉 = |2〉,
Uθx |3〉 = eipi|3〉,
Uθx |4〉 = eipi|4〉.
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Firstly, on an even-by-even lattice, the translation op-
erations for its zero modes lead to trivial results
T−1x ΘyTx = Θy,
T−1y ΘxTy = Θx,
T−1x ΘyTx = Θy,
T−1y ΘxTy = Θx.
and
T−1x θyTx = θy,
T−1y θxTy = θx,
T−1x θxTx = θx,
T−1y θyTy = θy,
From them, we have
Tx|j〉 = |j〉,
Ty|j〉 = |j〉,
j = 1, 2, 3, 4.
Then the crystal momentum (Kx,Ky) of the four-fold
degenerate ground states |j〉 is (0, 0).
Secondly on an odd by even lattice (Lx is odd number
and Ly is even number), the translation operations are
given as
T−1x θyTx = θy,
T−1y θxTy = θx + π,
T−1x θxTx = θx,
T−1y θyTy = θy,
and
T−1x ΘyTx = Θy,
T−1y ΘxTy = Θx,
T−1x ΘxTx = Θx,
T−1y ΘyTy = Θy.
Now the translation operator Ty turns into the ”mag-
netic” translation operator Uθx = e
pii(pθx+
Θy
pi
),
Ty|i〉 = Uθx |i〉 = epii(pθx+
Θy
pi
)|i〉, i = 1, 2, 3, 4.
Under the translation operations on the wave functions
in Eq.A3, we have
Tx|1〉 = |1〉,
Tx|2〉 = |2〉,
Tx|3〉 = |3〉,
Tx|4〉 = |4〉,
and
Ty|1〉 = Uθx |1〉 = |1〉,
Ty|2〉 = Uθx |2〉 = |2〉,
Ty|3〉 = Uθx |2〉 = eipi|3〉,
Ty|4〉 = Uθx |2〉 = eipi|4〉.
Using the same method, we can obtain that the crystal
momentum of the two ground states |1〉 and |2〉 is (0, 0).
The crystal momentum of the other two ground states
|3〉 and |4〉 is (0, π).
Thirdly, on an even-by-odd lattice (Lx is even number
and Ly is odd number), the translation operations for its
zero modes lead to non-trivial results
T−1x ΘyTx = Θy,
T−1y ΘxTy = Θx,
T−1x ΘyTx = Θy + π,
T−1y ΘxTy = Θx,
and
T−1x θyTx = θy,
T−1y θxTy = θx,
T−1x θxTx = θx,
T−1y θyTy = θy.
Then the translation operator Tx turns into the ”mag-
netic” translation operator UΘy = e
pii(pΘy+
θx
pi
),
Tx|i〉 = UΘy |i〉 = epii(pΘy+
θx
pi
)|i〉, i = 1, 2, 3, 4.
From them, we have
Tx|1〉 = UΘy |1〉 = |1〉,
Tx|2〉 = UΘy |2〉 = eipi|2〉,
Tx|3〉 = UΘy |3〉 = |3〉,
Tx|4〉 = UΘy |4〉 = eipi|4〉,
and
Ty|1〉 = |1〉,
Ty|3〉 = |3〉,
Ty|2〉 = |2〉,
Ty|4〉 = |4〉.
The crystal momentum of two ground states |1〉 and |3〉
is (0, 0). The crystal momentum of the other two ground
states |4〉 and |2〉 is (π, 0).
Fourthly for Lx and Ly are all odd numbers (on an
odd-by-odd lattice), the translation operations become
T−1x ΘyTx = Θy + π,
T−1y ΘxTy = Θx,
T−1x ΘxTx = Θx,
T−1y ΘyTy = Θy,
and
T−1x θyTx = θy,
T−1y θxTy = θx + π,
T−1x θxTx = θx,
T−1y θyTy = θy.
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Then the translation operators Tx and Ty turn into the
”magnetic” translation operator UΘy = e
pii(pΘy+
θx
pi
) and
Uθx = e
pii(pθx+
Θy
pi
),
Tx|i〉 = UΘy |i〉 = epii(pΘy+
θx
pi
)|i〉,
Ty|i〉 = Uθx |i〉 = epii(pθx+
Θy
pi
)|i〉, i = 1, 2, 3, 4.
Now Tx and Ty must obey the Heisenberg algebra for
UΘy and Uθx
TxTy = e
ipiTyTx. (A9)
On the other hand, the translation symmetry of the sys-
tem leads to the commutation relationship between Tx
and Ty
TxTy = TyTx. (A10)
The only solve to the Eq.A9 and Eq.A10 is |i〉 ≡ 0. That
is, there don’t exist the four degenerate ground states at
all. We can see that for the real ground states, the Aµ
and aµ charges for the excitations cannot be zero on an
odd by odd lattice. So the non zero background charge
leads to an infinity degeneracy on odd by odd lattice for
the Z2A type mutual U(1)×U(1) CS theory.
As a result, all the low energy physical properties for
the Z2A type U(1)×U(1) Chern-Simons theory match
that for the Z2A topological ordered state.
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